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R = K(ġ, g)
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ξ(t = 0) =
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f1(α) = α− α3/2 + O(α5)
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h = z1 − z2
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ūz1 + ūz2 + h = δ1 + δ2.
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ūz1 + ūz2 < δ −Ax2 −By2
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ūz1 + ūz2 =
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π(a2 − x2) 12
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1 − e2 sin2 φ dφ
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s
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pDm}kqs£Y« tpJl`pDmomuty{p,p^yPsu_£`8l`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q^yPsu~kL¦
§-« {p£jlk`'^q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p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x− s ds− πβq(x) = π
E∗x
2R








(1 − 2ν1)/G1 − (1 − 2ν2)/G2
(1 − ν1)/G1 + (1 − ν2)/G2
] »n )) ½
´epÈ¢Py{tmevDq^`9kut¨£wyPpknmpDmu`l`9eq^plq^sk}`QknmpHq^££`{²J£`Qk}~^soy{£]L_¡`Qkp^yPsu_q^`memo{p^{`LpPmot`L£k
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`m
`l`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´ep
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`s
vDq^`L£vDq^`QkyP_¡_=`LpPmtsu`Qkq 6 ^¦{¦×9kuq^s£A« {~^~^soyH\`erL£PknmotvDq^`8so`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y∗(x∗) = R −
√
R2 − x∗2, »nL>2{½










, |x∗| ≤ l/2 »nL=GP½
hHqt­mo`¥ £A« tpl`LpDmomotyPp6²£ kuq^suªÇ{`À« rLvDqmuty{p »D¼P½k`Àlrª®yPsu_=`"`p q^p^`³kuq^sªÇP`À« rLvDq¤
















  *H:O 0*    0   Æ *H 0 / / *  *DÃµÂS¨Ã *, e`q^³zn`ql l`"¢sot{^£`Lk3kyPpPm3tpDmosuyllq^tmok~Sy{q^s
^rLsotsu`È£A« rmom'_=rL{p^twvPq`0lq kujHkmu]L_=`{¦-§¨`0~^so`_=t`Ls`Lkm'£`zn`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ε → 0 ~Sy{qs Z ¯^lr¡_tpPmot`LpDm8£w£y{p{q^`Lq^s l ¯^l`=y{_=_=`¡q^p^`£y{p{q^`Lq^s{soPmurLsutwkmutwvPq`,^q y{pDm{mQ¦-§6`0^r¢{`L£yP~^~S`_=`pDmPkjH_=~lmuy{mutwvDq^`0yPsuso`Lku~JyPp^{pPmku`s




























z = εZ, w = εW, λ = εΛ, f = εF, p = P
»nQ ) ½
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soy{pk#£A« \DjH~Symo\^]Lku`vDq^`£
kuy{£qlmotyPp0lq0~^soy{^£]_=`96« tpl`LpPmmotyPp ^pJk}£wsurL{ty{p tpp^`s #y{sosu`Qk~Sy{pJ3¥'£'kyP£qlmotyPp0lq0~^soy¤
£]L_¡`=l`¡|
yPqkoktp^`LkovS²JtA¦ `{¦²Sqp ~^£wp ku`_=t¤Atpl¯ptrL£PknmotvDq^`¡kyPq^_=tk¥£y{pDmoso{tpDmu`9{ryP_=rmusotwvPq`





(ε+ ε′)X2 + const.
»nQD½
§3kuy{£qlmotyPp"lqÀ~^soy{£]L_¡`l`| yPqkukutp^`LkovÈkyPq^_=tk#¥3£w,y{pDmoso{tpDmu`¡{rLy{_=rmosutwvDq^`=~^sorLrQl`pDmo`
~S`q^mkL« rQsotso`#`p,mo`so_¡`Qkcl`9¢µ{sutw£`Qk ntp^p^`Ls9kuy{qk}£=ª®yPsu_=`9kuq^t¢pDmu`'»Ç¢{yPts9»  	  6·   	    A²
G{ ) ½½ 
4πWi(Z) = C − i F
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°£l`QknmR~SyPkokt^£`l`lr_=y{pDmosu`LsvDq^``mmo`}kyP£q^muty{py{sosu`Qk~Sy{pJ9¥eq^plr¢P`£y{~^~S`_=`pDmO{kujH_=~lmuy{mutwvPq`
`Lp'mo`so_=`Lk}l`8¢sotw^£`Lk tp^p`s 8lq,~^soy{^£]_=`#« r£w{kmutwtmur#¥=£A« yPsolso` O(1)§9ª®yPpmotyPp
Q
`Qknmclr¯p^t`#~s 
Q(Z) = 2Z − i
√
1 − 4Z2 »nµ¼D½
y  √

































     *HÆÇÂ6 6 *H * / Ã0*ÈÆ  QÂJÆY¨Ã0ÇÂ / * /     0   Æ * µÂJÃ!*, ¾Op,kqt¢pDm£w9_=rmo\^yll`8`_=~^£yj{rL`







{qlr¢P`£y{~^~S`_=`LpPm¥#£A« yPsolso` O(1) lq'~suyP^£]L_=`c« r£w{kmutwtmure6« q^p`s£`ckuy{q^_=twk-¥l`Lk-~^su`Qkukuty{pksor~Jsumut`Lkltw_=rmoso{£`L_¡`LpDmyP~^~SyPkur`LkL¦
±
`mmu`kuy{£qlmotyPp~^so`pJ£wª®y{so_=`8kuq^t¢pDmu`8`p,¢sotw^£`y{q^mu`s 	




2 + i z
) + ln (
2z̄





2 + i z































moq^somotyPp y{pDm=`p yP_¡_q^p qp^`,Êy{p`3l`3¢£t^t­mor,pk¡£w{vDq^`££`t£k=~S`q¢{`pDm=¿mosu`,so`£trQk¦ ¯p
^`9£`Lkesu`L£t`sQ²JyPp0qlmot£tku`9qp^`so]P£`l`9s{Ly{sl`L_¡`LpDmel`LklrL¢{`£y{~~J`L_¡`LpDmok}twkokq^`¡l`Lkcmu`Q\^p^twvDq^`Lk
^`~S`sumuq^somuty{pk¡»      ·W²AG>2P½}vDq^t~J`Lqlmk« rp^yPp`Ls{tpJkt  £`¡lr¢P`£y{~^~S`_=`LpPm tp^p`s ¥











y{q^mu`s c{s {`e¥3»nµ ) ½¦^§6`surQkq^£mom `Qknm}lrL¢{`L£yP~^~Jr`pª®y{pJmuty{p3l`
ε
¥9£A« y{slsu` O(1) ¦^§¨`^r¢{`L£yP~l¤~S`_=`LpPm y{q^mu`s ¥¡£A« yPsolso` O(1) lqÈlrL¢{`£y{~~J`L_¡`LpDm tp^p^`s ¥=£A« yPso^su` O(1) ¢qlmclyPp	
4πwi]o = εC + i f(κ+ 1) ln ε− i f
[
κ ln z + ln z̄ +
z
z̄










4πWi]o = C − i F
[
κ lnZ + ln Z̄ +
Z
Z̄










~J`Lqlm¿muso`ª®y{so_¡r3`psu`L_=~^£  {pPm¡£`Qk¡¢µ{sutw£`Qk tpp^`s ~{s£`Lk










, ε→ 0 »nQ{P½
`#vPqt6~J`Lqlm}¿mosu`#¥=p^yPq^¢{`Qq`l~^sot_=r`8`Lpmo`so_=`Lkl`8¢sot{^£`Lk y{qlmo`s 
4πwo]i = C
′ − i f
[








§¨`Lklr¢P`£y{~^~S`_=`pDmk9»nQH½`m»nQ 2½~J`Lq^¢{`LpPm¿mosu`soPyPso^`s{s {`¥£wso]P£`'»L ) ½`me£A« yPp
yPlmut`pDm}£y{sk5
εC − C ′ = i f
[
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k£`Qksor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pDm~JyPq^sO`L£eq^p^`
p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2 + i z
2 − i z + i (κ− 1)z +
1
2
(κ− 1)(1 − i π) − 2(κ+ 1) ln 2
]
»n2¼D½
´eplyPp^p^`'kuq^s£,¯J{q^so`È ) £w0yP_=~stwkyPp©`LpDmuso`£`Qk9lrL¢{`£y{~~J`L_¡`LpDmok tp^p^`s ² nyPqlmu`Ls `m
y{_=~SyPkut­mo`{¦-´ep¢Py{tm=vDq^`,£`3^r¢{`L£yP~^~S`_=`pDm ntp^p^`Ls,{q^_9q£`3q^p^`,`soso`q^s=¥ £A« y{slsu` O(1) q`pDmuso`
^q¡`s£`
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y{pDmoso{tpDmu`Qk _=lt_£`Lk
pkq^p`y{qJ\^`erL£Pknmoy{~^£w{kmutwvDq^`8tpJl`pDmurL`8~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q^pÈ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so¿m
pk£`Qk¡~^suyP^£]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k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`QksurQkq£­mmokL¦ °£kkuy{pDm}kuy{q^¢P`pDm £`8ª®soq^t­m
6« q^p`'{£t^smuty{pÀPsuyDkukut]Lsu`=kuq^s9l`Qk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l~Sr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`Qk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~J{p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2(1 − ν)(x2r + z2r)
√
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X(x, y) = −τxz(x, y)
»nQ¼ ) ½
Y (x, y) = −τyz(x, y)
»nQ¼D½







































dξdη = I1 − I2
»nQ¼GD½




























K(x, y, ξ, η)f(ξ, η) dξdη
»nG ) ½
  *H 0*    0   Æ *D 6
ÂJ Æ * 0   *HÆYÂ'6 6 *H * / Ã 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kuy{pDm}yPpDmutp _¡`LpDmclt­Wrso`pDmot{^£`Qk ~JyPq^s |m| > 1 ¦
ÍÍ ÒT'UWVXY
{   W!  
	 	! 


















g(n,m) ∈ C2, |n| ≥ 1, |m| < 1 »YQ½
|g(n,m)| < G(m), G(m) ∈ L1, |m| < 1 »Y{P{½
∫ 1
−1
|s(n)| dn < +∞ »A ) ½
∫ 1
−1




















a(m)f(n,m) = l(1− n2)− 12 »Y{ 2{½





















ξ = ξ(n,m), ξ̂ = (n, ŷ)
»YlPQ½
ξ = ξ̂ + (m− ŷ)ξ̂′ + O((m− ŷ)2) »Y^QP½





















(ξ − x)2 + (η − y)2 = (ξ̂ − x)2 + 2(ξ − ξ̂)(ξ̂ − x) + (ξ − ξ̂)2 + L2(m− ŷ)2 »Y^H½
= (ξ̂ − x)2 + L2(m− ŷ + ε)2 »Y^QP½









(x− ξ)2 + (y − η)2
dξdη
»YlQP½






























































































hl{pk6`LpDmuso`s¨^{pk6~£qklrmot£wk¨{£q^£wmuyPtso`LkL²    ·¸»AG>2HLD½J_¡yPpDmuso`-vDq^`O£`-lr¢P`£y{~^~S`_=`LpPm
^`8`#su`Qknmo`#ly{p^p`





, L→ ∞ »YP{{½
kuy{tm
I1 = Ff (y) ln(4(L
2 − y2) − 2
∫
C(y)




Ff (η) − Ff (y)











C(y) = {x, b(ŷ) − a(ŷ) ≥ x ≥ b(ŷ) + a(ŷ)} »YP GP½
§¨`¡_=¿L_¡`=mnjH~S`l`lr¢P`£y{~^~S`_=`pDm3rmor¡sorL{£twkur~Sy{q^s#£`Lk#{qlmuso`LktpDmurPso{£`Qk8^pk    ·^¸
»AG>2HS½¦´ep,p^`8su`L~JyPsmo`twtvPq`£`Lk~sutpt~{ql'sorLkuq^£­mmk5




) »Y ) D½




) »Y ) µ½




) »Y ) P½









) »Y )) ½









) »Y ) H½
y £`kujD_JyP£`
−
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muty{pk8»nQ¼{D½-kuq^s£`8^r~^£w{`_=`pDm`pª®y{pmuty{p,l`Lk
tpDmurL{s£`Lk« tpJq^`p`#~J`Lq^¢{`LpDm{£yPsok ¿muso`sorrQsot­mo`Lkkuy{qk£wª®y{so_=`8kuq^t¢pDmu`
2πEu(x, y) = FX(y)
(
(1 − ν) ln(4(L2 − y2)) + 2ν




X(ξ, y) ln |ξ − x| dξ


























(1 − 2ν) |Z|
L
)
2πEv(x, y) = FY (y)
(
(1 − ν) ln(4(L2 − y2)) − 2ν
) »Y ) D½
− 2(1 − ν)
∫
C(y)




FY (η) − FY (y)






















(1 − 2ν) |Z|
L
)
2πEw(x, y) = FZ(y)
(
(1 − ν) ln(4(L2 − y2))
) »Y ) 2{½
− 2(1 − ν)
∫
C(y)
Z(ξ, y) ln |ξ − x| dξ
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ϕ(ξ) ln |ξ − x|, dξ »A ) ¼P½
hlt
£A« yPpltWrso`pt`3`mumu`rLvDqmotyPp6²£Y« tpDmor{s£`sorLkuq^£mopDmo`kL« `H~sut_=``p ª®y{pmuty{p l`3£w0¢£`q^s
~sutpt~{£`#l`9± qJ\Djl`8£=_pt]Lsu`#kuq^t¢{pPmo`














(ξ − a)(b− ξ)
(x− a)(b− x)
f ′(ξ)
ξ − x dξ +
C
√





































































































|η − y| dη
»Y=GP½
§-« tpl`LpPmmotyPp,^q,jH£tplso`8`Lkm^y{p8lyPp^p^r`#~Js


















|η − y| dη
»YPP½








a1(y) + . . .
)






















a1(y) + . . .



























































AB2a0(y)Λ ⇒ a0(y) = 1
»Y{D½

















































































dx = x ln(1 − x2) − 2x+ 2 argth(x), −1 < x < 1 »Y{^Q½
§¨`Lk#¢{£`Lq^sok9l`'`mmo`'~^sot_=tmut¢{`{ql"Sy{sop^`Qk« tpDmurL{smotyPp"p`'kyPpDm~{klr¯pt`Qk`l~^£twtmu`_=`LpPm
_{tk ~{s ~J{koku{{`e¥¡£w9£t_¡tmu`P¦§¨£t_=tmu`8`p −1 ~S`qlm}¿muso`8y{lmo`pHq^``p3surQsot¢pDm£~^sot_=tmut¢{`#l`£w¡_p^t]so`#kq^t¢pDmu`
lim
x→−1
x ln(1−x2)−2x+2 argth(x) = lim
x→−1






x ln(1−x2)−2x+2 argth(x) = lim
x→1
(1+x) ln(1+x)+(x−1) ln(1−x)−2x = 2 ln(2)−2»Y{ ) ½
h^{\{pPmvDq^`
2 ln(2) − 2 = −0.6137056 »Y{D½
acymosu``Qknmot_motyPpyPplq^tso{t­m ¥8q^p^`ey{pkmo{pDmu`pHq^_=rsotvDq^`}^y{q^^£`e^`c`L££`cl`   ·^¸"»nG 2HQP½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y{pDm{m~S`qlmcku`lrL¢{`£y{~~J`Lskuy{qJk£ª®y{so_=`#kq^t¢pDmu`
h = z1 + z2 = A1x
2 +A2x
4 + . . .+Anx
2n + . . .
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pk£`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Pk« qp3~suyP^£]L_=`8ltkujH_¡rmusotvDq^`
h = z1 + z2 = A1r
2 +A2r
4 + . . .+Anr
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a ≈ R1 ≈ R2
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q(ψ) dψ + 2
∫ ε
−ε




























































(cos θ − ρ)








(ρ2 − 2ρ cos θ + 1)2
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dψ + [2(1 + η) − λ]
∫ ε
−ε
q(ψ) cos θ dψ
»A G ) ½
= −λπq(φ) − η
∫ ε
−ε






q(ψ) cos(θ) dψ = cosφ
»YGPP½
¾OpÈ~SyPkopDm£`Qkp^yPq^¢{`L££`Lk ¢sot{^£`Lkq^Ht£t{tso`Lk
y = tan(φ/2), t = tan(ψ/2), b = tan(ε/2),
»A G{D½
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η = 1, λ = 0
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k = i− j ¦}¯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= µ′, K ′ =
E′
3(1 − 2ν′) =
3λ′ + 2µ′
3
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§¨`Lk6£y{twk¨^`
yP_=~JyPsmo`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pDmok¨k« r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~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σ   = ρ
∂
∂ε











σ = λ [Tr(ε) + θλTr(ε̇)] 1l + 2µ [ε+ θµε̇]
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σ = σ0H(t− τ)
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ε(t) = J ⊗ Dσ
Dτ
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P   = mD1δ
α » ) PD½




moso{t­mor#q 6 l¦~Sy{qs}l`ql3kyP£twl`Lk`LpDmuspDm`p,y{pDm{mQ²l~J`LqlmekL« rQsotso`8kyPqk£ª®yPsu_=`#kqt¢pDmo`
δ̈ +D1δ
α +D2δ
γ δ̇β = 0
» ) P¼P½
µ¢P`Le£`Qk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yPpltmuty{p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2(γ − α) + β(1 + α) = 0 » ) {D½
xy{q^s
β = 1
² vPq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P    ∝ δ̇
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, x ∈ [0, xm]
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, x ∈ [xm, xf ]
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e−1n = 1 + 2f(vo)I(1 + 2f(vo)I(1 + . . .)
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max {|σ1 − σ2|, |σ2 − σ3|, |σ3 − σ1|} = 2k = σ0
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pY = CY σ0
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= 0.1036081, p0 = 1.7936698σ0
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, R̄1 ≥ 0, R̄2 ≥ 0
R̄1R̄2
R̄1 − R̄2
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E = 210Gpa, ν = 0.3, ρ =
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C2 = 1.45 exp(−(M +N))
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4 +M −N ×
Γ(
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4 +M −N )Γ(
1 −N
2 −N )
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CA ≡ ρ = [(ξ − x)2 + (η − y)2 + z2] 12 »Y^ 2{½
´ep,tpPmosuyllqt­m£`Lkª®yPpmotyPpkvDq^t¨komutwkª®y{pDm £`Lk}rLvDqmotyPpkl`§¨{~^£w{`#kuq^s£`8^`_=t­¤Z`Lku~P`
F1(x, y, z) =
∫
S
qx(ξ, η)Ω(z, ρ) dξdη
»Y^L¼D½
G1(x, y, z) =
∫
S
qy(ξ, η)Ω(z, ρ) dξdη
»Y^AGD½
H1(x, y, z) =
∫
S
p(ξ, η)Ω(z, ρ) dξdη,
»YPD½
y 
Ω(z, ρ) = z ln(ρ+ z) − ρ »YPlµ½
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qx(ξ, η) ln(ρ+ z) dξdη
»YP{P½






qy(ξ, η) ln(ρ+ z) dξdη
»YP ) ½
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_=t­¤Z`Lku~P`r£w{kmutwvPq`8kuy{pDm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{s £`Lk}rLvDqmotyPpk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pDm £A« rLvDq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`pkuq^tmu`lrQlq^tmu`Qk}l`8£Y« tpPmorPsomuty{p,l`LkrQvPqJmuty{pJk#»YD{½ W»Y{ 2{½¦
YLVàÒeÛ  ÖµÖÓnÕ×Õ×Ó8-µÓRÕ×Ó8Ü.µÕ×Ó µÓ8(#×Ø  #×Õ×Õ×ÓÓnÒÞ G ÓnØYÞ¨ÛÇÓÕ%#%&   Ü.µÕ×Ó  5 JÜµÒ3 E Ö  Û G = E/(2(1 + ν)) 
ÍÍ ÒT'UWVXY
LP¼   W!  
	 	! 
-    ,#$$
  ,   # .. 
 &% 	5#- %, %/ # $% ,  	)+# ) 





























• n = 0 ²^tkmusotqlmuty{p,l`#~^so`Lkokty{pq^p^tª®y{so_=`{²
• n = −1/2 ²Oltkmusot^qlmuty{p l`È~su`QkukutyPp vDq^tey{soso`Lku~JyPp ¥Àq^p`0lr~^£w{`_=`pDmq^p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n = −1/2 vDq^t~J`Lqlm#¿muso`9so`pJ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(α2 − 2βs− s2) 12 »Y{¼{D½
y 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(α2 − 2βs− s2) 12 ds »Y{¼{¼P½
¾OpÈtpDmurL{spDm^`#£¡_=¿_=`#_p^t]so`8vPq`#~^surQrQl`_=_=`pDmy{p3y{lmot`LpDm
ūr(r) = −




































, r ≥ a »YG{P½
ūr(r) = −
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− 1 = 0 »Y G=GP½
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1 − e2 sin2 φ dφ »ÇLP½
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(1 − T ) + ζ(F (φ, e) − E(φ, e)) »ÇDD½



















E(φ, e) − F (φ, e)) »YPP{½
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σx, σz , τxz
pk£`,l`L_¡t¤Z`Lku~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(1 − ν2)σx − ν(1 + ν)σz





(1 − ν2)σz − ν(1 + ν)σx
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mmo`}ª®yPso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qlmsu`L~^sorLku`pDmu`LsO£`esurQkq£­mm 6« q^p3\so{`L_=`pDmO~s q^p'y{tp'kuq^s
qp
^`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φ(r, θ) = Arθ sin θ
»YP¼D½
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6« q^p`~su`QkukutyPp'ltwknmosut^q^rL`{¦ ¯Jp3l`8£A« q^mut£twk`Ls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σx = σr sin





σz = σr cos
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2P cos θ ln r − (1 − 2ν)(1 + ν)
πE










− (1 − 2ν)(1 + ν)
πE
Pθ cos θ +
(1 − 2ν)(1 + ν)
πE
P sin θ + C1 cos θ − C2 sin θ + C3r
§¨`Lk9^t­Wrso`pDmu`QkyPpkmopDmo`Lk#kuy{pDm9lrmo`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{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~S`qlm
kuq^^tsl`e_=yPq^¢{`L_¡`LpDm l`8kyP£twl`sut{twl`P¦Dey{p^p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~^£w{`_=`pDmok ¥£w¡kq^suªÇ{`evDq^t
y{sosu`Qk~Sy{pJl`pDm¥
θ = ±π/2 
ūr|θ=π/2 = ūr|θ=−π/2 = −
(1 − 2ν)(1 + ν)P
2E
»ÇP^µ½
ūθ|θ=π/2 = −ūθ|θ=−π/2 = −
(1 − ν2)
πE







































σθ = τrθ = 0
»ÇPP{½
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− ūr|θ=π = ūr|θ=0 = −
(1− ν2)
πE
2Q ln r + C
»Ç{=GP½
ūθ|θ=π = ūθ|θ=0 = −
(1 − 2ν)(1 + ν)Q
πE
»Ç>2D½
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p(s) ln |x− s| ds »Y 2{{½


























= − (1 − 2ν)(1 + ν)
2E
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